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We consider the issue of statistics for identical particles or fields in κ-deformed spaces, where
the system admits a symmetry group G. We obtain the twisted flip operator compatible with the
action of the symmetry group, which is relevant for describing particle statistics in presence of the
noncommutativity. It is shown that for a special class of realizations, the twisted flip operator is
independent of the ordering prescription.
I. INTRODUCTION
Noncommutative geometry is a plausible candidate for describing physics at the Planck scale, a simple model of
which is given by the Moyal plane [1]. The models of noncommutative spacetime that follow from combining general
relativity and uncertainty principle can be much more general [2]. An example of this more general class is provided
by the κ-deformed space [3, 4, 5], which is based on a Lie algebra type noncommutativity. Apart from its algebraic
aspects [6, 7, 8, 9, 10, 11], various features of field theories and symmetries on κ-deformed spaces have recently been
studied [12, 13, 14, 15, 16]. Such a space has also been discussed in the context of doubly special relativity [17, 18, 19].
The issue of particle statistics plays a central role in the quantum description of a many-body system or field
theory. This issue has naturally arisen in the context of noncommutative quantum mechanics and field theory
[20, 21, 22, 23, 24]. In the noncommutative case, the issue of statistics is closely related to the symmetry of the
noncommutative spacetime on which the dynamics is being studied. If a symmetry acts on a noncommutative
spacetime, its coproduct usually has to be twisted in order to make the symmetry action compatible with the algebraic
structure. In the commutative case, particle statistics is superselected, i.e. it is preserved under the action of the
symmetry. In the presence of noncommutativity, it is thus natural to demand that the statistics is invariant under
the action of the twisted symmetry. This condition leads to a new twisted flip operator, which is compatible with
the twisted coproduct of the symmetry group [22, 23]. The operators projecting to the symmetric and antisymmetric
sectors of the Hilbert space are then constructed from the twisted flip operator. While most of the discussion of
statistics in the noncommutative setup has been done in the context of the Moyal plane, some related ideas for
κ-deformed spaces have also appeared recently [25, 26, 27].
In this paper we set up a general formalism to describe statistics in κ-deformed spaces. Our formalism presented
here is applicable to a system with an arbitrary symmetry group, which may include Poincare, Lorentz, Euclidean
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2and so on. In particular, we present a general formula for the twisted flip operator that is applicable for any symmetry
group, which is constructed in terms of the commutative flip operator, the undeformed coproduct of the symmetry
group and the twist element for the κ-deformed space. In addition, we show that for a special class of realization
considered here, the twisted flip operator is independent of the choice of ordering. This property is valid only for
a special class of realizations considered here and is not true for any arbitrary realization. This paper is organized
as follows. In Section II we briefly recall some basic facts about κ space and discuss a special class of realizations.
In Section III we discuss the star product and twist operator and obtain their expression for the specific class of
realizations discussed here. In Section IV we introduce the idea of twisted statistics for the κ space and obtain a
general formula for the twisted flip operator. We also obtain the corresponding expression for the special class of
realizations considered here and discuss the ordering independence for this case. Section V concludes the paper with
some discussions.
II. κ SPACE AND ITS REALIZATIONS
In this Section we briefly review the formalism that leads to a derivation of the Drinfeld twist for the κ-Minkowski
space. Following [11] we shall first discuss the κ-deformed Euclidean space and then analytically continue to the
corresponding Minkowski space.
Consider the Lie algebra type relations
[xˆµ, xˆν ] = iCµνλxˆλ = i(aµxˆν − aν xˆµ), (1)
defining a noncommutative (NC) space with coordinates xˆ1, xˆ2, ..., xˆn, , and where a1, a2, ..., an are real constants
parametrizing the deformation of the Euclidean space. We choose a1 = a2 = ... = an−1 = 0 and an = a =
1
κ as a very
small length scale. Here we use Latin indices for the subspace (1, 2, ..., n− 1) and Greek indices for the whole space
(1, 2, ..., n). Then the algebra of the NC coordinates becomes
[xˆi, xˆj ] = 0, [xˆn, xˆi] = iaxˆi, i, j = 1, 2, ..., n− 1. (2)
The NC coordinates xˆµ admit realizations in terms of ordinary commutative coordinates x1, x2, ..., xn and their
derivatives ∂1, ∂2, ..., ∂n, where ∂µ =
∂
∂xµ
, which generate the Heisenberg algebra
[∂µ, xν ] = δµν . (3)
The realizations we want to find can be written in the form
xˆµ = xαφαµ(∂x). (4)
They will satisfy the condition
[∂µ, xˆν ] = φµν(∂x). (5)
Here we shall concentrate on the special case of the algebra (5), given by the relations
[∂i, xˆj ] = δijϕ(A); [∂i, xˆn] = ia∂iγ(A), (6)
[∂n, xˆi] = 0; [∂n, xˆn] = 1, (7)
where ϕ and γ are functions of A = ia∂n. An explicit form of a class of realizations satisfying these conditions is
given by
xˆi = xiϕ(A),
xˆn = xnψ(A) + iaxk∂kγ(A),
(8)
where the summation over repeated indices is understood. The functions ϕ and ψ satisfy the conditions ϕ(0) =
1, ψ(0) = 1 and they are assumed to be positive. The function γ satisfies ϕ
′
ϕ ψ = γ − 1, where ϕ
′ = dϕdA . It is also
assumed that the quantity γ(0) = ϕ′(0) + 1 is finite. Further conditions on the functions ϕ and ψ are obtained by
considering the Lorentz generators in this spacetime. Imposing the conditions that the Lorentz generators be linear
3in x with an infinite series in ∂, leads to two families of realizations given by ψ = 1 and ψ = 1+2A. Here we consider
only the case ψ = 1, for which the realizations are parametrized by an arbitrary positive function ϕ(A), ϕ(0) = 1.
The coproduct △ϕ corresponding to partial derivatives appearing in (8) is given by
△ϕ(∂n) = ∂n ⊗ 1 + 1⊗ ∂n = ∂
x
n + ∂
y
n,
△ϕ(∂i) = ∂
x
i
ϕ(Ax +Ay)
ϕ(Ax)
+ ∂yi
ϕ(Ax +Ay)
ϕ(Ay)
eAx , (9)
where Ax = ia∂
x
n and similarly for Ay. The last equation can also be written in a more compact way as
△ϕ(∂i) = ϕ(A⊗ 1 + 1⊗A)
[
∂i
ϕ(A)
⊗ 1 + eA ⊗
∂i
ϕ(A)
]
. (10)
There is a well defined correspondence between the realizations defined above and the ordering prescription in the
κ-space [11]. To describe it first note that we take the vacuum state to be represented by 1, i.e. |0〉 ≡ 1, so that it
is annihilated by all derivatives ∂µ. We now introduce ϕ-ordering : e
ik·xˆϕ :ϕ defined by the relation
: eik·xˆϕ :ϕ |0〉 = e
ik·x. (11)
As special cases, the expressions for the left, right and symmetric ordering prescriptions are respectively given by
: eikαxˆα :L≡ e
iknxˆneikixˆieiknxˆn+ikixˆiϕS(−akn)e
−akn
,
: eikαxˆα :R≡ e
ikixˆieiknxˆneiknxˆn+ikixˆiϕS(−akn),
: eikαxˆα :S= e
ikαxˆα , (12)
where
ϕS(A) =
A
eA − 1
, A = ia∂n ≡ −akn. (13)
Corresponding to the realizations of the form (8), there also exists a family of ordering prescriptions interpolating
between left and right, parametrized by the function ϕ = e−λA. This ordering prescription looks like
: eikαxˆα :λ= e
iλknxˆneikixˆiei(1−λ)knxˆn , (14)
For λ = 0, we obtain a right ordering, while for λ = 1, a left ordering emerges. For λ = 12 , the same factor
appears on the left and right hand side symmetrically [28]. In this sense it can be named as symmetric ordering, but
it should be kept in mind that it is completely different from the totally symmetric Weyl ordering.
More generally, corresponding to the ϕ ordering given by (8), the ordering prescription can be written as
: eikαxˆα :ϕ e
iknxˆn+ikixˆi
ϕS(−akn)
ϕ(−akn) , (15)
which contains all the special cases described above. This gives the direct correspondence between the various
realizations and the corresponding ordering prescriptions.
III. STAR PRODUCT AND TWIST IN κ SPACE
For any ϕ ordering, a star product can be defined in the κ space. This star product can be expressed in terms of
the corresponding twist element Fϕ as
f ⋆ϕ g = m0(Fϕf ⊗ g) = mϕ(f ⊗ g), mϕ = m0Fϕ (16)
where m0 is the usual pointwise multiplication map in the commutative algebra of smooth functions A0, namely,
m0(f ⊗ g) = fg. and f, g ∈ A0.
4The star product of two functions f and g in the ϕ realization is given by
(f ⋆ϕ g)(x) = limu→x
t→x
m0
(
exα(△ϕ−△0)∂αf(u)⊗ g(t)
)
, (17)
where △ϕ is given in (10) and
△0(∂) = ∂ ⊗ 1 + 1⊗ ∂ (18)
is untwisted coproduct. The corresponding twist element is given by
Fϕ = e
xα(∆ϕ−∆0)∂α , (19)
where △ϕ satisfies the relation
△ϕ = Fϕ
−1△0Fϕ. (20)
Using (17) and (9), the star product in the κ-space can be written as
(f ⋆ϕ g)(x) = limu→x
t→x
e
xj∂
u
j
“
ϕ(Au+At)
ϕ(Au)
−1
”
+xj∂
t
j
“
ϕ(Au+At)
ϕ(At)
eAu−1
”
f(u)g(t), (21)
where we use the notation Ax = ia
∂
∂xn
, etc. The corresponding twist operator (19) can be written as
Fϕ = e
Nx ln
ϕ(Ax+Ay)
ϕ(Ax)
+Ny(Ax+ln
ϕ(Ax+Ay)
ϕ(Ay)
)
≡ e(N⊗1) ln
ϕ(A⊗1+1⊗A)
ϕ(A⊗1)
+(1⊗N)(A⊗1+ln ϕ(A⊗1+1⊗A)
ϕ(1⊗A)
), (22)
where Nx = xi∂/∂xi and similarly for Ny. In writing the above expression of the twist operator we have used the
identity [11] (see eqs (A.16),(A.17))
lim
u→x
exi∂
u
i [Φ(Au,Ay)−1] = exi∂
x
i ln Φ(Ax,Ay), (23)
valid for arbitrary function Φ(Au, Ay).
We point out that the star product and the twist element depends explicitly on the choice of the ordering. For
example, the twist operator corresponding to the left ordering is given by
FL = e
−NxAy = e−N⊗A, (24)
while that corresponding to the right ordering is
FR = e
AxNy = eA⊗N . (25)
For φ(A) = e−cA where c ∈ R, we obtain a simple interpolation between right ordering (c = 0) and left ordering
(c = 1), with the twist operator given by
Fc = e
−cN⊗A+(1−c)A⊗N . (26)
Using △N = N ⊗ 1 + 1 ⊗N , △A = A⊗ 1 + 1 ⊗ A, and [N,A] = 0, it is easy to verify that the above class of twist
operators Fc satisfies the cocycle condition
(Fc ⊗ 1)(△⊗ 1)Fc = (1⊗Fc)(1⊗△)Fc, (27)
for all c ∈ R.
The above results can be continued to the Minkowski space by redefining the momenta as
P0 = i∂0, Pi = −i∂i, i = 1, 2, ..., N − 1, (28)
which satisfy
[Pµ, xν ] = −iηµν , µ, ν = 0, 1, ..., N − 1, (29)
5ηµν = diag(−1,+1,+1, ...,+1). The algebra of the variables xµ, ∂ν remains unaltered,
[∂µ, xν ] = δµν , µ, ν = 0, 1, ..., N − 1. (30)
Accordingly, the commutation relation describing κ-deformed Minkowski space takes the form
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = iaxˆi, i, j = 1, 2, ..., N − 1, (31)
where xn = ix0 and the old deformation parameter an is related to the new one a0 by an = ia0. For simplicity, we
remove the index 0 of it, but in all subsequent consideration one should keep in mind that it is the time component
of the N -vector in Minkowski space and that it is real. The definition of the star product also remains unchanged,
provided in (21) we replace Ax by Ax = ia∂
x
0 .
In terms of the κ-Minkowski space variables, as defined above, we can write the coproduct and the twist operator
in the momentum space as well. The coproduct Kϕ(p, q) in momentum space is given by[
Kϕ(p, q)
]
µ
= −i△ϕ(∂µ),
Kϕ(p, q)x = −(k0 + q0)x0 + ϕ(ak0 + aq0)
[
kixi
ϕ(ak0)
+ e
ak0
ϕ(aq0)
qixi
]
.
(32)
Let F denote the corresponding twist operator in the momentum space. Its defining relation is
Ff(x)g(y) ≡ F(x, px, y, py)f(x)g(y) = F
∫
d4keikxf˜(k)
∫
d4qeiqy g˜(q)
=
∫
d4kd4q
(
Feikxeiqy
)
f˜(k)g˜(q)
∫
d4kd4qeikxeiqyF(i
∂
∂k
, k, i
∂
∂q
, q)f˜(k)g˜(q).
From this we obtain
F f˜(k)⊗ g˜(q) = F(i
∂
∂k
, k, i
∂
∂q
, q)f˜(k)g˜(q). (33)
IV. TWISTED STATISTICS IN κ SPACE
Consider a system of particles or fields described by an action principle. Very often the action describing such a
system remains invariant when acted upon by a suitable group, which is called the symmetry group of the system.
For example, the symmetry group could be the Poincare group, Lorentz group, Euclidean group and so on. In what
follows we assume that the system under consideration is invariant under a symmetry group denoted by G.
In the commutative case, the identical particles or fields usually satisfy either bosonic or fermionic statistics. On a
two particle Hilbert space, the bosonic or fermionic statistics is implemented by restricting to the symmetrized and
antisymmetrized sectors respectively. Normally, the two subsectors of the Hilbert space corresponding to bosonic or
fermionic statistics are individually preserved under the action of the symmetry group G. This is to say that the
statistics is superselected.
Let Λ be an element of G which acts with some representation D. In the commutative case with a = 0, the action
of G on the two particle Hilbert space is described by the coproduct ∆0 where
∆0 : Λ −→ Λ⊗ Λ,
f ⊗ g −→ (D ⊗D)∆0(Λ)f ⊗ g. (34)
The coproduct ∆0(Λ) is compatible with the usual pointwise multiplication map m0, i.e. it satisfies the condition
m0 ((D ⊗D)∆0(Λ)f ⊗ g) = D(Λ)m0(f ⊗ g). (35)
Statistics of identical particles is usually defined in terms of a flip operator τ0. On an element f ⊗ g ∈ A0 ⊗A0, it
has the action
τ0(f ⊗ g) = g ⊗ f. (36)
6Symmetrization or antisymmetrization on a two particle Hilbert space is carried out by the operators 12 (1 ± τ0). In
the commutative case, the flip operator τ0 commutes with the coproduct ∆0(Λ) of the symmetry group G, i.e.
[∆0(Λ), τ0] = 0. (37)
Physically this means that the process of symmetrization or antisymmetrization is frame independent. The statistics
thus remains invariant under the action of the symmetry group G.
In the noncommutative case, when a = 1κ 6= 0, the multiplication map in the algebra is defined by the star product,
denoted by mϕ in the case of a given ϕ realization . In this case, the coproduct ∆0 of the symmetry group G is no
longer compatible with mϕ. This implies that G cannot be an automorphism of the algebra (2) with the coproduct
∆0. We can define a twisted coproduct for the symmetry group G, denoted by ∆ϕ where
∆ϕ(Λ) = Fϕ
−1∆0(Λ)Fϕ, (38)
and Fϕ is the twist element. This new twisted coproduct is compatible with the multiplication map mϕ, i.e. it
satisfies the equation
mϕ ((D ⊗D)∆ϕ(Λ)f ⊗ g) = D(Λ)mϕ(f ⊗ g). (39)
Henceforth we work with the twisted coproduct ∆ϕ. The symmetry group G with the twisted coproduct (38) is an
automorphism of the algebra (2) and is often called the twisted symmetry group.
In the presence of κ deformation, it is also desirable that the statistics be left unchanged under the action of the
twisted symmetry group. This would ensure that even in the presence of the κ deformation, the symmetrization
procedure would be left invariant under the action of the twisted symmetry group and that the twisted statistics
remains superselected. However, it turns out that the flip operator τ0 does not commute with the twisted coproduct,
i.e.
[∆ϕ(Λ), τ0] 6= 0. (40)
This means that the symmetrization or antisymmetrization carried out by τ0 would not be preserved by the action of
the twisted symmetry group. We must therefore seek a new flip operator, called the twisted flip operator τϕ which
would satisfy the condition
[∆ϕ(Λ), τϕ] = 0. (41)
Such a twisted flip operator can be defined and is given by
τϕ = F
−1
ϕ τ0Fϕ, (42)
where Fϕ is the twist element in (19). The new flip operator τϕ commutes with the twisted coproduct of the
symmetry group G, i.e. it satisfies the condition (41). Having defined the twisted flip operator, the symmetrization
and antisymmetrization can now be carried out with the projection operators 12 (1 ± τϕ) respectively. This would
ensure that the twisted statistics of a two particle state in the κ space would remain unchanged under the action of
the twisted symmetry group G.
The expression of the twisted flip operator τϕ in (42) is valid for an arbitrary ϕ realization of the κ-deformed space
and for a general symmetry group G for the dynamics. We now restrict our attention to the special cases of the ϕ
realizations given in (8). For this particular special class of realizations, the twist element is given in (22). Using (22)
and (42), we obtain an explicit expression for the twisted flip operator τϕ for the class (8) of realizations as
τϕ = e
i(xiPi⊗A−A⊗xiPi)τ0. (43)
Note that as A is directly proportional to the deformation parameter a, the twisted flip operator τϕ goes over smoothly
to the untwisted flip operator τ0 as the deformation parameter a→ 0. It may be noted that although the twist element
Fϕ depends explicitly on the choice of the φ realization, it is a remarkable fact that the twisted flip operator τϕ as
obtained in (43) is independent of the class of realizations (8) and the corresponding orderings. This conclusion
follows naturally from the properties of the twist element (22) and the twisted flip operator (43) in the κ space. By
construction, any symmetrization or antisymmetrization of two particle states carried out using the flip operator τϕ
would be preserved under the action of the Poincare group with a twisted coproduct. Thus, the twisted flip operator
obtained above is a good candidate to describe particle statistics in the κ space. We however point out that the ϕ
independence of twisted flip operator is valid only for the class of realization (8) considered in this paper and will not
hold in the case of an arbitrary realization.
7In the paper by Daszkiewicz, Lukierski and Woronowicz [27], the quantized scalar field on κ-spacetime was con-
sidered. Calculations performed in [27], especially the coproduct, correspond to our realization φ(A) = e−A/2. In
classical limit their results are equivalent to our statistics flip operator equation (43). Arzano and Marciano [25]
construct their twist operator to be consistent with kappa Poincare algebra, whereas in our construction we have an
arbitrary symmetry algebra G. In the limit kappa going to infinity both lead to commutative theory. It may also be
noted that in our approach the Lorentz algebra is undeformed and corresponding coalgebra is κ deformed. The effect
of this will be reflected in correlation functions. The quantization of scalar field on κ-Minkowski space along within
our framework and its relation to [25, 27] is presently under investigation.
We end this Section with some remarks about the CPT symmetry and spin-statistics theorem for the κ-deformed
space. For the Moyal plane with space-time noncommutativity these issues have been discussed in [29]. Let us consider
a system described by the κ-deformed Minkowski space (31). The parity operator P , which is linear, can be defined
as
P : xˆ0 → xˆ0, xˆi → −xˆi, ia→ ia. (44)
This is an automorphism of the algebra (31). Hence, unlike in the Moyal case [29], parity is a symmetry of the
κ-deformed Minkowski space.
The time reversal operator T , which is anti-linear, is defined by
T : xˆ0 → −xˆ0, xˆi → xˆi, ia→ −ia. (45)
Thus T and is also an automorphism of the algebra (31) and the same holds for PT . In case the charge conjugation is
defined and is an automorphism, then CPT can be realized as an automorphism on the κ-deformed Minkowski space.
The star product for the κ-deformed Minkowski space, just as in the Moyal case, is a nonlocal quantity. The lack of
locality leads to a failure of causality [30], and the spin-statistics theorem also fails to be valid. In particular, the Pauli
exclusion principle is not expected to be valid for theories based on the algebra (31), and bounds on the deformation
parameter a can be obtained from the bounds on the validity of the Pauli exclusion principle [22, 23].
V. CONCLUSION
In this paper we have discussed the issue of statistics for a system of identical particles or a field theory in κ
deformed space, where the symmetry group of the system under consideration is described by a general group G. Due
to the noncommutative structure of the κ deformed space, the coproduct of the symmetry group G has to be twisted.
The flip operator describing the statistics in the commutative case no longer commutes with the twisted coproduct of
the symmetry group. As a result, the symmetrization or antisymmetrization carried out by the projection operators
obtained from the commutative flip operator are no longer preserved under the action of the symmetry group. This
leads us to seek a new twisted flip operator that would commute with the twisted coproduct of G, and we have
presented a general expression of the twisted flip operator for an arbitrary realization of the κ deformed space and for
a general symmetry group G. The twisted stat istics obtained from the twisted flip operator remains superselected.
A κ deformed space admits many different realizations. We have restricted our attention to a particular class in this
paper. It has been shown that within this class, the twisted flip operator is independent of the choice of the realization
and the corresponding ordering. The projection operators corresponding to the symmetric and antisymmetric sectors
of the Hilbert space also share this property for this special class. This property is not valid for any arbitrary
realization of the κ deformed space, not belonging to the class described here.
The analysis here provides a general framework for considering statistics in κ deformed spaces which would be
relevant for the analysis of field theories in such spaces. The implications of the twisted statistics for quantum field
theories on κ deformed spaces is currently under investigation.
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